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Abstract 



o 
< 

The compactified Jacobian of any projective curve X is defined as 
the Simpson moduli space of torsion free rank one degree d sheaves 
that are semistable with respect to a fixed polarization H on X. In 
this paper we give explicitly the structure of this compactified Simp- 
son Jacobian in the case where X is a generalized tree- like curve, i.e., 

\q [ a projective, reduced and connected curve such that the intersection 

points of its irreducible components are disconnecting ordinary double 
points. We prove that it is isomorphic to the product of the compact- 
ified Jacobians of a certain degree di of its components C%, where 
the degrees di depend on d, H and on the particular structure of the 

^^ ■ curve. We find also necessary and sufficient conditions for the exis- 

C^ , fence of stable points which allow us to study the variation of these 

Simpson Jacobians as the polarization H changes. 

> 

X 



1 Introduction 



The problem of compactifying the generalized Jacobian of a singular curve 
has been studied since Igusa's work [|] around 1950. He constructed a com- 
pactification of the Jacobian of a nodal and irreducible curve X as the limit 
of the Jacobians of smooth curves approaching X. Igusa also showed that his 
compactification does not depend on the considered family of smooth curves. 
An intrinsic characterization of the boundary points of the Igusa's compact- 
ification as the torsion free, rank 1 sheaves which are not line bundles is due 
to Mumford and Mayer. The complete construction for a family of integral 



curves over a noetherian Hensel local ring with residue field separably closed 
was carried out by D'Souza [P'So|| . One year later, Altman and Kleiman 
|[AK|| gave the construction for a general family of integral curves. 



When the curve X is reducible and nodal, Oda and Seshadri IIOS 



pro- 
duced a family of compactified Jacobians Jac^ parameterized by an element 
^ of a real vector space. Seshadri dealt in ||SesJl with the general case of a 
reduced curve considering sheaves of higher rank as well. 

In 1994, Caporaso showed how to compactify the relative Jacobian 
over the moduli of stable curves and described the boundary points of the 
compactified Jacobian of a stable curve X as invertible sheaves on certain 
Deligne-Mumford semistable curves that have X as a stable model. Re- 
cently, Pandharipande ]P| has given another construction with the boundary 
points now representing torsion free, rank 1 sheaves and he showed that the 
Caporaso's compactification was equivalent to his. 

On the other hand, Esteves HJ constructed a compactification of the 
relative Jacobian of a family of geometrically reduced and connected curves 
and compared it with Seshadri's construction |[Ses|| using theta funtions and 



Alexeev gave a description of the Jacobian of certain singular curves in 
terms of the orientations on complete subgraphs of the dual graph of the 
curve. 

Simpson's work ^] on the moduli of pure coherent sheaves on projective 
spaces allows us to define in a natural way the Jacobian of any projective 
curve X as the space Jac d (X) s of equivalence classes of stable invertible 
sheaves with degree d. This is precisely the definition we adopt and we 
also denote by Jac (X) the space of equivalence classes of semistable, pure 
dimension 1, rank 1 sheaves with degree d. 

In some recent papers about the moduli spaces of stable vector bundles on 
elliptic fibrations, for instance [HM] , the Jacobian in the sense of Simpson of 



spectral curves appears. Beauville [|B| uses it as well in counting the number 
of rational curves on K3 surfaces. This suggests the necessity to determine 
the structure of these Simpson Jacobians. 

The aim of this work is to describe the Simpson Jacobian of a general- 
ized tree-like curve, that is, a projective, reduced and connected curve such 
that the intersection points of its irreducible components are disconnecting 
ordinary double points. 

Let H be the fixed polarization on X. Let C\, . . . , Cn denote the irre- 
ducible components of X and let Pi, ... , Pn-i be the intersection points of 



C\, . . . , Cjsf. The first result we use is a lemma of Teixidor J.l]] that allows 
to order Cj and to find sub curves Xj of X that are also generalized tree-like 
curves and intersect its complement in X at just one point P,. Then, we 
write k Xi = -^*t — for % = 1, . . . , N — 1, where h is the degree of H, h x . is 
the degree of the induced polarization on Xj and 6 is the residue class of d 
minus the arithmetic genus of X modulo h. 

The theorem that gives the description of the schemes Jac (X) s and 
Jac (X) is the following: 

Theorem |3.1|. Let X = C\ U . . . U C x , N > 2, be a generalized tree- 



like curve with a polarization H . If k Xi is not integer for i < N — 1, then 
Jac d (X) s is equal to Yl i=1 Pic di (Ci) and 



N 



Jac d (X) s C Jac (X) s = Jac (X) ~ J J Jac (C, 
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where df are integer numbers inductively constructed. 

If kx % is integer for some i < N — 1, then Jac (X) s and Jac (X) s are 
empty and 

N 

Ja^ d (X)~ Y[l^ di (Ci) 

i=l 

where di are integer numbers recursively constructed with an algorithm. 

As we will see, these integer numbers, di and df, depend only on the 
degree of H and on the fixed ordering of the irreducible components of X. 

The first we prove is that a pure dimension 1 sheaf of rank 1 and degree d 
on X that is locally free at Pi, i = 1, . . . , N— 1, is stable if and only if k Xi £ Z 
for % — 1, . . . , N — 1 and F is obtained by gluing torsion free rank 1 sheaves 
on Ci whose degrees are precisely the integers df (see lemmas |3j] and [37|] if 
F is a line bundle, otherwise the proof is the same). By the contrary, if F 
is not locally free at some intersection point Pi, the sheaf cannot be stable. 
Finally, we prove that strictly semistable torsion free rank 1 sheaves exist 
only when k Xi G Z for some i — 1 , . . . , N — 1 and in this case we construct a 
Jordan-Holder filtration for it to conclude that its ^-equivalence class belongs 

It is important to note that, although Jac (Ci) ~ Jac (Ci) for any inte- 
gers d and d' , because Cj is an integral curve, to obtain a point in Jac (X) it 



is necessary to consider sheaves on Cj of degrees exactly the integer numbers 



Theorem |371] allows also to describe a wall-crossing structure for these 
Simpson Jacobians, in other words, to analyze the variation of the moduli 
spaces Jac (X) s as the polarization changes. The variation of the polarization 
is studied by considering the variation of the numbers kx t , (i = 1, . . . ,N— 1). 
The space of possible values of such numbers contains a finite number of walls, 
the hyperplanes kx t = cl where a is an integer number 1 < a < hx v The 
complement of the walls has a finite number of connected components each 
of them called a chamber. Therefore, Theorem |3.1| means that in the interior 
of a given chamber the Jacobian Jac (X) s is not empty and independent of 
the choice of numbers kx t • When the numbers kx t lie in a wall, the theorem 
shows that the Simpson Jacobian of X becomes empty. Finally, if we choose 
two families of numbers kxi lying in the interior of two different chambers, 
then the structure of the corresponding Simpson Jacobians is the same but 
the degrees df of the induced line bundles on every component Cj change 
according to ([!]). 

If a is a real number, we use [a] to denote the greatest integer less than 
or equal to a. 

2 Preliminaries 

Let X be a projective, reduced and connected curve over an algebraically 
closed field n. Let C±, . . . , Cn denote the irreducible components of X. Let 
£ be an ample invertible sheaf on X, let H be the associated polarization 
and let h be the degree of H. 

Let F be a coherent sheaf on X. We say that F is pure of dimension 
one or torsion free if for all nonzero subsheaves F' =— » F the dimension of 
Supp(F / ) is 1. The rank and the degree (with respect to H) of F are the 
rational numbers ?h{F) and dn{F) determined by the Hilbert polynomial 

P(F, 7i, H) = X (F ® O x (nH)) = h r H (F)n + d H (F) + r H (F) X (O x ). 

The slope of F is defined by 

IF , d g (F) 



The sheaf F is stable (resp. semistable) with respect to H if F is pure of 
dimension one and for any proper subsheaf F' <—* F one has 

H H (F') < fj, H (F) (resp. <) 

In 0] Simpson defined the rank as the integer number hTu(F) and the 
slope as the quotient 

d H (F)+T H (F) X (Ox) 
hx H {F) 

Stability and semistability considered in terms of Simpson's slope and in 
terms of fin are equivalent. We adopt these definitions of rank and degree of 
F because they coincide with the classical ones when the curve is integral. 
Notation: We shall use the following notation. For every proper subcurve 
D of X, we will denote by Fjj the restriction of F to D modulo torsion, that 
is, F D = (F®Od) /torsion, n D will be the surjective morphism F — > F D and 
F D = ker ttd- We shall denote by ho the degree of the induced polarization 
Hd on D. If d — dn(F) then we shall write do = d^ D (Fo). 
We first recall some general properties we will use later. 

Lemma 2.1. Let F be a pure dimension one sheaf on X supported on a 
subcurve D of X. Then F is stable (resp. semistable) with respect to Ho if 
and only if F is stable (resp. semistable) with respect to H. 

Proof. It follows from the equality 

P(F, n, H) = X (i*F ® O x {nH)) = X (F D (nH D )) = P(F, n, H D ) 
where % : D c — >■ X is the inclusion map. D 

Lemma 2.2. A torsion free rank 1 sheaf F on X is stable (resp. semistable) 
if and only if /j,h{F d ) < ^h{F) (resp. <) for every proper subcurve D of X. 

Proof. Given a subsheaf G of F such that Supp(G) = D C X, let us consider 
the complementary subcurve D of D in X, i.e. the closure of X — D. Since 
Fjy is torsion free, we have G C F D with th(G) = th(F d ) so that [Ah{G) < 
Hh(F d ) and the result follows. □ 



sec 



Let Pi, . . . , Pk denote the intersection points of Ci, . . . , Cjv- It is known 
Ses| ) that for every pure dimension one sheaf F on X there is an exact 



sequence 

- F - F Cl © • • • © F Cn -+ T -> 

where T is a torsion sheaf whose support is precisely the set of those points 
Pi, i = 1, . . . , k, where F is locally free. From this exact sequence, we get 

1 - 
^(F) = -Y,hc^H Ci (F Ct ) 

i=l 

N 

d H (F) = ^(d^(F c J + x HCi {F Ci )x{0 Ci )) ~ MF)x(Ox) - X (T). 

i=l 

In particular, if F is a torsion free sheaf of rank 1 with respect to H, then 
for every proper subcurve D of X Fd is torsion free of rank 1 with respect 
to H D . 

The following lemma, also due to Seshadri, describes the stalk of a torsion 
free sheaf on X at the points Pi. 

Lemma 2.3. Let F be a pure dimension one sheaf on X. If Pi is an ordinary 
double point lying in two irreducible components C\ and Cf , then 

F Pi c 0$ A © 0% A © 0% lPi 

where Oi, a 2 , a% are the integer numbers determined by: 

ai + a 2 = rk(F Pi ® o i P ) 

Ox,p % 

ai + a 3 = rk(F Pi ® c ?,r) 
O x ,p. 

ai + a 2 + a 3 = rk(F Pi © k) 

Proof. See [Bes|| , Huitieme Partie, Prop. 3. D 

According to the general theory, for every semistable sheaf F with respect 
to H there is a Jordan-Holder filtration 

= F C Fi C . . . C F n = F 

with stable quotients Fi/Fi-% and /i P (Fj/Fj_i) = Hh{F) for i = l,...,n. 
This filtration need not be unique, but the graded object Gr(F) = ®jFj/Fj_i 

6 



does not depend on the choice of the Jordan-Holder filtration. Two semistable 
sheaves F and F' on X are said to be 5"-equivalent if Gr(F) ~ Gr(F'). Note 
that two stable sheaves are ^-equivalent only if they are isomorphic. 

In the relative case, given a scheme S of finite type over k, a projective 
morphism of schemes /: X — > S whose geometric fibers are curves and a 
relative polarization H, we define the relative rank and degree of a coherent 
sheaf F on X, flat over S, as its rank and degree on fibers, and we say that F 
is relatively pure of dimension one (resp. stable, resp. semistable) if it is flat 
over S and if its restriction to every geometric fiber of / is pure of dimension 
one (resp. stable, resp. semistable). 

Let Jac d (X/S) s (resp. Jac (X/S) s ) be the functor which to any S- 

scheme T associates the set of equivalence classes of stable invertible (resp. 

relatively torsion free rank 1) sheaves on X? = X x T with relative degree 

S 
d. Two such sheaves F and F' are said to be equivalent if F' ~ F <g> f£N, 

where N is a line bundle on T and fr' Xt — > T is the natural projection. 

Similarly, we define the functor Jac d (X/S) (resp. Jac (X/S)) of semistable 

invertible (resp. relatively torsion free rank 1) sheaves. 

As a particular case of the Simpson's work []SJ, there exists a projective 

scheme Jac (X/S) —>■ S which coarsely represents the functor Jac (X/S). 

Rational points of Jac (X/S) correspond to S'-equivalence classes of semistable 
torsion free sheaves of rank 1 and degree dona fiber X s (s G S). Moreover, 
Jac d (X/S) is coarsely represented by a subscheme Jac (X/S) and there are 
open subschemes 3&c d (X/S) s and Jac (X/S) s which represent the other two 
funtors. 

Definition 2.1. The Simpson Jacobian of X is Jac (X) s = Jac (X/Specft) s . 
We denote Jac (X) = Jac (X/ Spec ft) and Jac (X) s = Jac (X/SpecK) s . 

When X is an integral curve every torsion free rank 1 sheaf is stable, 
and then Jac (X) = Jac (X) s is equal to the Picard scheme Pic (X) and 
Jac (X) = Jac (X) s coincides with the Altman-Kleiman's compactification 



Definition 2.2. A generalized tree-like curve is a projective, reduced and 
connected curve X — C\ U . . . U Cn over k such that the intersection points, 
Pi, . . . ,Pk, of its irreducible components are disconnecting ordinary double 
points. 



Henceforth we shall assume that X is a generalized tree-like curve, and 
then k = N - 1. 

Lemma 2.4. It is possible to order the irreducible components C\, . . . ,Cn 
of the curve X , so that for every i < N — 1 all but one of the connected com- 
ponents of X — Ci consists entirely of irreducible components with subindices 
smaller than i. Then there are irreducible components, say C^, . . . , Ci k , with 
all subindices smaller than i, such that Xi = C{ U C^ U . . . U Ci k is connected 
and intersects its complement Xi in X in just one point Pi. 

Proof. Teixidor proves this lemma in ([[IJ, Lem. 1) when X is a tree-like 
curve, that is, its irreducible components are smooth, but her proof is valid 
for our curve. □ 



3 The Description 

Let us suppose from now on that an ordering of the components of X as in 



lemma [2.4| , has been fixed. 

Notation: If g = g(X) denote the arithmetic genus of X, that is, the 
dimension of H 1 (X, Ox), for any torsion free rank 1 sheaf F en X of degree 
d, let b be the residue class of d — g modulo h so that 

d — g = ht + b. 

For every proper subcurve D of X, we shall write 

h D (b + l) 



k 



D 



h 

Lemma |2.4| allows us to define inductively integer numbers df as follows: 



df = - X (0 Xi ) + h x ± + [k Xi ] + 1 -<-...- df k , for i = 1, . . . , N - 1 

d§ = d-df -...-d§_ v (1) 

We are now going to modify the above numbers to obtain new numbers di 
associated with X. This is accomplished by a recurrent algorithm. In order 
to describe it we start by saying that a connected subcurve D = C^U. . -UCj r , 



r > 1, of X ordered according to lemma 2.4 is final either when the numbers 



ko are not integers for £ = l,...,r — lorDis irreducible. 



If D is a final curve, we define dj t as follows: 

1. if r > 1, dj t — df t for t = 1, . . . , r. 

2. ifr = l,ci J1 = ^ 1 t+[^ 1 ]-x(0c Jl ). 

Algorithm: If the curve X is final, d{ = df for all i. Otherwise, let i be the 
first index for which kxi £ Z. We consider the two connected components, 
Y = X{ and Y = Xi, of X — Pi and we reorder them according with lemma 
|2.4| . This induces a new ordering P r y (resp. Pj) of the points P, (j ^ i) in 
F (resp. F). Then, 

a) If Y (resp. Y~) is a final curve, the process finishes for Y (resp. Y). 

b) If Y is not final, we take the first index r of Y for which ky r G Z, 
consider the connected components, Z and Z, of Y — Pj and reorder them 



according with lemma |2.4j . If Z and Z are final, the process finishes for Y. 
Otherwise, we iterate the above argument for those components that are not 
final and so on. The process finishes for Y when all subcurves that we find 
are final. 

c) If Y is not final, we take the first index s of Y such that ky £ Z, 
consider the connected components, W and W, of Y — Pj and reorder them 



according with lemma |2.4j. If W and W are final, the process finishes for Y . 



Otherwise, we repeat the above argument for those components that are not 
final and so on. The process finishes for Y when all subcurves that we obtain 
are final. 

The algorithm for X finishes when it finishes for both Y and Y. □ 

We can now state the theorem that determines the structure of the Simp- 
son Jacobian of X and of the schemes Jac (X) s and Jac (X). 

Theorem 3.1. Let X = C\ U . . . U CV , N > 2, be a generalized tree-like 
curve. 

a) If kx t is not an integer for every i < N — 1, then 

N 



Jac d (X) s = ]]Pic d » (d) and 



N 

-d¥ . 



Jac d (X) s C Jac {X) s = Jac (X) ~ Jjjac ' (Q 

8=1 

where df are the above integers. 

b) Ifkxi is an integer for some i < N — 1, then 



Jac d (X) s = Jac (X) s = and 



A' 



Jac (X)~ J^Jac (Q) 



where d{ are the integers constructed with the above algorithm. 

In order to prove that the Simpson Jacobian of X is not empty only when 
k Xt fi Z for all i < N — 1, we need the next two lemmas that characterize 
stable invertible sheaves on X. 

Lemma 3.1. Let L be a line bundle on X of degree d. If L is stable, then 
k x . is not an integer for every i < N — l and L is obtained by gluing invertible 
sheaves Li on Ci of degrees df , i = 1, . . . , N. 

Proof. Let us consider the subsheaves L Xi of L, i = 1, . . . , N — 1, Xj being 
the subcurves of X given by lemma |2.4|. By the stability of L, we get 



h Xi d - hd Xi < h X (0 Xi ) - h Xi x(O x ) forz = l,...,X-l (2) 

Considering the subsheaves L Xi of L, i — 1, . . . , N — 1, yields 

h Xi d-hd Xi <hx{O x ^-h Xi x{Ox) for i = 1, . . . ,N - 1 (3) 

Since X = Xj U Xj and Xj, Xj meet only at Pj, we have d = d Xi + (%., 
h = h Xi + h Ti and x(Cx) = x(CxJ + x(^) - 1- Then, (|) and (§ give 8 

h Xl d + h XiX (O x ) - h x (0 Xi ) < hd Xi < h Xi d + h Xi x{O x ) - h x (0 Xi ) + h 

(4) 

We have T Hx (L Xi ) = 1 so that d x . = dn x .(Ax*) is an integer. Then, if 
fcx, G Z for some i < X — 1, (||) becomes a contradiction. Thus k Xi ^ Z for 
all i < N — 1 and there is only one possibility for c?x, , namely 

d Xi = - X (0 Xi ) + h x ± + [k Xi ] + 1, for i = 1, . . . , X - 1. 

From d Xi = dc % + dc % + . . . + d c . and the exact sequence 

_> L -+ L Cl © • • • © L Cn -+ ®Z~i 1 <P i ) -► 
we deduce that dc t = df for all i and the proof is complete. □ 

10 



The following lemma, which is similar to lemma 2 of Teixidor [TJ , proves 



the converse of lemma 3.1. 



Lemma 3.2. Let L be an invertible sheaf of degree d = g + ht + b obtained 
by gluing line bundles Li on Ci of degrees df , i = 1, . . . , N. Suppose that kx % 
is not integer for every i < N — 1 and let D = C a ^ U . . . U C a i t ) be a proper 
subcurve of X . Then, 

1. The following inequality holds: 

-x(O d ) + h D t + k D <d D < -x(O d ) + h D t + k D + a 

where a is the number of intersection points of D and its complement D in 
X. 

2. L is stable. 

Proof. 1. If D is a connected subcurve of X, let us denote by Cj(m, k = 
l,...,a, (resp. Cj^)) the component of D (resp. D) which contains the 
point Pfc (it is possible to have C^) — Ci(fe') f° r k ^ k'). 

Suppose first that i(k) > j(k) for k — 1, . . . , a. Then, the subcurve Xj^) 
of lemma |2.4| is the connected component of X — P k which contains Cj(k). 

Let us see that D = Llfc=i^i(fc)- Since the inclusion D C UfeLi^iW * s 
clear we have only to prove that |J^ =1 Xjha contains no component of D 
and that Xj^) H Xjoj) = if k ^ k! . If Cjf&n Q -^i(fe) f° r some k', then 
Cj(k') Q ^j(k) an d j(k') < i(k') < j(k) < i(k). Hence, 



X-P k -P k , = {Z\ u zl) U X 



m 



where we denote by Z\ (resp. Zf ) the connected component of Xj^) — Pk' 
that contains C^') (resp. Cj^'))- Analogously, Cj( k ), C^) are contained in 
Xj( fe ') and 

X — P^ — Pk — -^j'(fe') L- 1 {Zy U Z k ,) 



where Z\, (resp. Zy) is the connected component of Xj^') ~ Pk containing 
Cj( fc ) (resp. Cj(fe)). We deduce that X^y) = Zl, Xj( k ) = Z\, and Z\, = Z\. 
Thus, Cj(fc) C Z\ and j{k) < i(k'), which is absurd. Therefore, none of the 
components C^f) of D is in Ujj* =1 -^j(k) an d, since Xj( k ) are connected, no 
other component of D is either. Moreover, a similar argument shows that 
Xj^k) and Xj(k') have no common components for k ^ k! . 

Let now t k + 1 be the number of irreducible components in Xj^)- Then, 
^2 k {tk + 1) is equal to N — t. On the other hand, the number of intersection 

11 



points in Ufc^O(fc) * s J2k^k + s, where s is the number of intersection points 
ofXj(fc), k — 1, . . . , a. Since ^2 k tk + s is the number N — t — a of intersection 
points in D, we get s = and D = \Jk=i X j(k)- Then, <% = Y^k d x m , 
h D = Efc h x m and x(On) = Efc x{Ox m )- 

By definition of (if", for every k — 1, . . . , en, we have 

-X(0x> w ) + kx) w * + fejf iW < rfx j(fe) < ~x{Ox m ) + h Xj{k) t + fc x . (fc) + 1 

(5) 

Taking into account that d = dp + djy, h = h D + hjy and x(®x) = x(®d) + 
x(£%) — a, we obtain the result in this case. 

Assume now that j(l) > z(l). Then, X^ is the connected component of 
X — P\ which contains Cjm. Since .D is connected, Xim contains D and then 
Xih) contains Cj(m and Cj(fe) for fc = 2, . . . , a. This implies that i(&) < i(l) 
for fc = 2, . . . , a. If we had z(&) < j(k) for some fe = 2, . . . , a, then Z) would 
be contained in X^) as before and i(l) < i(fc), which is absurd. Thus, 
i(/c) > j'(fc) for fc = 2, . . . , a. In this situation, one has that -Xj(i) — D U Z, 
where Z = {J^ =2 Xjoa and .D intersects Z in a — 1 points. 

Thus, we have relations (||) for k — 2, . . . , a and, arguing as in the former 
case, we obtain 

-x(O z ) + h z t + k z <d z < - X (O z ) + h z t + k z + (a-l) (6) 

By definition of df, one has 

-x(Ox i(1) ) + h Xi{1) t + k Xi(1) < d Xi(1) < -x{Ox i(1) ) + h Xl(1) t + kx m + 1 

which together with (j^) proves the statement. 

If the subcurve D is not connected, the inequality holds for every con- 
nected component and then it is easy to deduce it for D. 

2. By lemma |2.2j , it is enough to show that hh{L d ) < d for every proper 
subcurve D of X. Since 

D hd - hd D + h DX (O x ) - h X (0 D ) 
Hh{L ) — 



h — h D 
the result follows from 1. □ 



Proof of Theorem $. 31. By lemmas 3.1 and 3.2, Jac (X) s is not empty only 



if kx % is not integer for every i < N — 1, and in this case it is equal to 

nf =1 pic d "(a). 
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We prove now the remaining statements of the theorem. If L is a strictly 
semistable line bundle on X of degree d then, hd Xi is equal to one of the 
two extremal values of the inequality ([|). In particular, k Xi is an integer for 
some % < N — 1. 

Let i be the first index such that k Xi is integer. Then, there are two 
possibilities for d x .: 

a)d Xi = -x{0 Xi )+h Xi t + k Xi 

b) dx, = -xiPxi) + h Xi t + k Xi + l 

Let us construct a Jordan- Holder filtration for L in both cases. Since case 
a) and case b) are the same but with the roles of Xi and Xi intertwined, we 
give the construction in the case a). 

We have that n H (L Xi ) = fi H (L Xi ) = //#(£). Then, L X . and L Xl ~ 
L^-(— Pj) are semistable with respect to H and, by lemma p.l| , they are 
semistable with respect to H x . and Hj^- respectively. 

For simplicity, we shall write Y = Xi = C^UC^U. . -UC ik with i lf . . . , i k < 
i — i and Z — Xi, which are again generalized tree- like curves. 

Let us see when the sheaves Ly and Lz{—Pi) are stable. We can fix an 
ordering for Y as in lemma [2.4| , so that Y = C ff u ) U . . .UC ff (i k ) and we obtain 
subcurves Y r of Y for r = <r(io), ■ ■ ■ , cr(ik-i)- 

Claim 1. The sheaf Ly is stable if and only if ky r is not an integer for 
r = a(i ),...,a(i k ^i). 

Proof. Since the residue class of dy — g(Y) modulo hy is by = k Y — 1, the 
numbers h \ — - = k Yr are not integers for r = cr(i ), . . . , cr(i&_i). Then, 

from lemma |3.2| , we have only to prove that Ly is in FJ Pic dr (C r ), where d^ 
are the integer numbers defined as df but with the new ordering of Y and r 
runs through the irreducible components of Y . This is equivalent to proving 
that 

dy r = -xiPvr) + h Yr t + [k Yr ] + 1 for r = a(i ), ■■-, <r(ik-i)- 

Actually, since L is semistable and Y r is a proper subcurve of X, arguing as 
in lemma |3.2| , we obtain 

-X(Oy r ) + hy r t + ky r < dy r < ~x(Oy r ) + hy r t + ky r + a (7) 

where a is the number of intersection points of Y r and its complement in 
X. We have that a < 2 and dy r is not equal to the extremal values of (0) 
because ky r ^ Z. Moreover, if it were 

d Yr = ~x{Oy r ) + hyt + [k Yr ] + 2, 
13 



since d Y = d Yr + eU-r, hy = h Yr + h^-v and x(Py) = x(Py t ) + x(^V y ) _ 1> 

Y 

Y r being the complement of Y r in Y, then 

which contradicts the semistability of L. Thus, 

dy r = -x(Oy r ) + h Y t + [k Yr ] + 1 

and the proof of the claim 1 is complete. 

On the other hand, the irreducible components of Z are ordered according 
the instructions in lemma [2.4| and the subcurves Z s , where s runs through 
the irreducible components of Z and s < N — 1, are equal to either X s or 
X,-Y. 

Claim 2. The sheaf Lz(-Pi) is stable if and only if kx s is not an integer 
for every s > i. 

Proof. Since the residue class of dz — 1 — g(Z) modulo hz is bz = kz — 1 
and ky G Z , by the hypothesis, the numbers z h z — - are not integers for 
s > i and, by the choice of i, they aren't for s < i either. Then, by lemma 
P-2| , it is enough to prove that 

d Hzs {L z {-Pi)\z s ) = -x(Oz.) + h Zs t + [k Zs \ + 1 for s < N - 1. 
Since L is semistable, we have that 

dx. = -x{Ox.)+hx.t+[k x .] + l. 

Moreover, if Z s = X s then, d Hzs (L z (-Pi)\z s ) = d Xs and if Z s = X s - Y 
then, du Za (L z (—Pi)\Z s ) = d Xs —dy — 1. We obtain the desired result in both 
cases and the proof of the claim 2 is complete. 

We return now to the proof of the theorem. If ky r and k Xs are not 
integers for r = o~(io), ■ ■ ■ , cr(ik-i) an d s > i, then C Lz(-Pi) C L is a 
Jordan-Holder filtration for L and the ^-equivalence class of L belongs to 

n r Pic^(a)xn,pic df (^). 

On the other hand, if ky r is integer for some r = cr(z ), . . . , cr(ife_i), the 
sheaf L Y is strictly semistable and we have to repeat the above procedure 
with Ly in the place of L and the curve Y in the place of X. Similarly, if k Xs 
is integer for some s > i, the sheaf Lz{— Pi) is strictly semistable. Then, we 
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have to repeat the above procedure for L z (—Pi). By iterating this procedure, 
we get a Jordan- Holder filtration for Ly\ 

= F cF 1 C...CF m = L Y 

and another for L z (—Pi): 

= G cG 1 C...cG n = L z (-P i ). 

Therefore, a filtration for L is given by 

= G C G x C . . . C L z {-Pi) C -k y \Fi) C . . . C tt y \L y ) = L. 

Thus, the S'-equivalence class of L belongs to \~[ i=1 Pic di (Cj), where di are 
the integer numbers constructed with the algorithm. 

Finally, let us consider a torsion free sheaf F on X of rank 1 and degree d 
which is not locally free. When F is locally free at the intersection points Pi 
for alH = 1, . . . , iV — 1, calculations and results are analogous to the former 
ones. If F is not locally free at Pi for some i = 1, . . . ,N — 1, then there is a 
natural morphism 

F -> F Y © F z 

where Y, Z are the connected components of X — Pi, that is clearly an 
isomorphism outside P«. But this is an isomorphism at Pi as well because by 
lemma [2~5| , Fp i ~ O c \ Pi © C 2 Pi and this is precisely the stalk of Fy © F z 
at Pi. We conclude that if F is strictly semistable, then ky y k z are integers, 
dy and (i^ are given by 

dy = -x(Oy) + hyt + fey, rf Z = ~x{0 Z ) + M + k Z , 

and Fy and i 7 ^ are semistable as well. Then, the construction of a Jordan- 
Holder filtration for F can be done as above and thus the S'-equivalence class 
of F belongs to \~[ i=1 Jac \Ci). □ 

We now give three examples to illustrate this theorem. 

Example 1. Let X = C\ U . . . U CV, iV > 2, be a generalized tree-like 
curve with a polarization H whose degree h is a prime number. Suppose 
that the irreducible components of X are ordered according with lemma [2~1. 



Then, since hx t is not divisible by h, kxi ~- - ^^ — is an integer if and 
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only if b = h — 1. Therefore, by theorem O, we have that if b < h — 1, 
Jac d (X) s = nti p ic df (Q) and 



N 



Jac d (X), C j ac \x) s = Jac (X) ~ J} Jac ' (C, 



1=1 



whereas for b = h — 1, Jac (X) s and Jac (X) s are empty and 

V 

Ja^Xj-JJjie^ (<?;)■ 



i=l 



Moreover, in this case the number di is given by 

d i = h Ci (t + l)-x(Oc i ) foii = l,...,N. 

Actually, if L is a strictly semistable line bundle of degree d on X, the first 
index i such that kx t is integer is i — 1 and the connected components of 
X — Pi are Y — C\ and Z — C2 U . . . U Cat- Suppose, as in the proof of the 
theorem, that 

dy = -x(O y ) + M + A;y = /iy(£ + 1) - X(CV)- 

Then, Ly and L z {-P x ) are semistable and Ly = L Cl e Pic' lc i (t+1) "" x(0a i ) ( C 'i)- 
On the other hand, since kx s is integer for s = 2, . . . , N, we have to ap- 
ply the procedure to the curve Z. Here, the first index s such that kx a 
is integer is s = 2 and the connected components of Z — P 2 are C<i and 
C3 U . . . U Cn- Proceeding exactly as in case of X, we obtain a sheaf be- 
longing to Pic ho ^ t+1 ^~ x ^° c ^ (C 2 ) and another supported on C 3 U . . . U C N . 
Since kx s is integer for s = 3, . . . , N, we apply the procedure to the curve 
C3 U . . . U Cjv, and so on. The iteration of this procedure will only finish when 
we obtain a sheaf supported on C N that belongs to Pic hc N^ +1 ^~ x( -° c N\C N ). 
Thus, di = h Ci (t + 1) - x(0 Ci ) for i = 1, . . . , N. 

Example 2. We are now going to recover examples 1 and 2 of HAf. There, 
the irreducible components Cj are taken to be smooth and d — g — 1. Then, 
the residue class oi d — g modulo h is b = h — 1 and £ = — 1. It follows that 
kx i is integer for i = 1, . . . ,N and, arguing as in our example 1, we have that 
Jac 9- (X) s and Jac (X) s are empty and 

N N 

i^-\x) ~ n j^ ci(mKx( ° ci) (^) * n pic9i_i (^) 



i=l 
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as asserted in JAJ. 

Example 3. Let X be the following tree-like curve 




Fixing an ordering of the irreducible components of X as in lemma |2.4| , 
we obtain 



Ci /O, 




so that X\ = Ci, X 2 = C 2 , X 3 = C\ U C 2 U C 3 . Assume that the first 
index i such that &x« is integer is i = 3 and let us compute the numbers d i: 
i = 1, . . . , 4 in this case. 

The connected components of X — P 3 are K = C% U C*2 U C3 and Z = C4. 
Suppose L is a strictly semistable line bundle of degree d on X and that 

d y = -x{Oy) + h Y t + k Y 

(the other case is similar). Then Ly and Lz(— P3) are semistable. Moreover, 
Lz(-Ps) e Pic ho ** +fco *- x(0o * ) (C 4 ) so that 



4 = /ic 4 * + ^c 4 - X{0 



Ci/ 



We now have to fix a new ordering for Y according with lemma [2.4| . We can 
take, for instance, Y = C a m U C a ^ U ^(3) with cr(l) = 1, a (2) = 3 and 



(7(3) = 2. Then, y„ (1) 



Ci and F CT ( 2 ) = C1UC3. Therefore, since fcy CT(1) = k 



Xi 
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and ky a = k Y — k x , 2 are not integers, we conclude that 



di = 4(i) = -x(Oy am ) + h Yam t + [k YaW ] + 1 = df , 
4 = 4 (2) = -x(0y CT(2) ) + /W + [**„ J + 1-4 



<t(2) - _ AV^y CT(2) ; t '"Y^ -r L^ CT(2 )J t x - <V(1) 

X jX -, jX _ , 



-x(Cy) + M + &y + 1 - df - d* - 1 = d* - 1, 



^2 — d (T (3) — dy — d CT (!) — d CT ( 2 ) — d 2 . 
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